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Abstract—We consider a certain second-order nonlinear delay differential equation and prove that
the all solutions oscillate when proper impulse controls are imposed. An example is given. (© 2006
Elsevier Science Ltd. All rights reserved.
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1. INTRODUCTION

In recent years, there has been an increasing interest on the oscillatory behavior of second-order
nonlinear delay differential equation. For example, see the recent papers [1-6]. However, there
are only a few papers on second-order nonlinear delay differential equations with impulses. See,
for instance, [7,8]. For the general theory of impulsive ordinary differential equations, the reader
is referred to the book [9] and to some results on the oscillatory behavior of some second-order
nonlinear impulsive ordinary differential equations, please see [10-12].

Some nonimpulsive delay differential equations are nonoscillatory, but they may become oscil-
latory if some proper impulse controls are added to them. The purpose of this paper is then to
study the oscillatory behavior of solutions of a second-order nonlinear delay differential equations
with impulses.

In [12], He and Ge study the oscillatory behavior of the following second-order nonlinear
impulsive ordinary differential equation:

!/

(r(t) (@' ()7) + f(ta() =0,  t=ty, t#ty,

t
o () = La(ty), o (%) = Ju (@(t),  k=1,2..., (1)
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2 L. P. GIMENES AND M. FEDERSON

where 0 < tg < t; < -+ <t < --- with limg_,~ tx = +00 and o is any quotient of positive odd
integers.

In [7], Peng and Ge prove an oscillation theorem for the second-order delay differential equation
with impulses

(r() (@' (1)) + ft,x(t),z(t —7)) =0,  t>to, t#ty,
z(t)) = In(x(te),  2'(th) = Ju(2/(t)), k=1,2..., (2)
z(t) = ¢(t),  to—7 <t <to,

where 7 > 0,0 <tg <t; <--- <t <--- with limg_, tx = 400 and tgr1 — tx > 7.
In this paper, we adapt the techniques applied by the authors in [7] and [12] to prove that the
equation
2"(t) + [t x(t), (1) + g(t, 2(t), x(t = 7)) =0, t>to, tF1ty,
x(tk) :Ik(l'(tk_))7 a:'(tk) :Jk(x'(tk_)), k= 1,2..., (3)
z(t) = ¢(t),  to—T <t<to,

oscillates, where 7 > 0, 0 < g <t < -+ <t <--- with limg_,o tx = +00 and tp41 — tx > 7.

While in [7] and [12] the authors prove their results provided a solution exists, we assume that f
and ¢ are dominated by continuous functions (see (H;) and (Hz) below) in order to guarantee
the existence of a global (forward) solution of problem (3). The other assumptions are similar to
theirs.

Our paper is organized as follows. In Section 2, we present a lemma that plays an important
role in the proof of the main result. In Section 3, we obtain the oscillatory behavior of (3) through
impulse controls. An example is given in Section 4.

2. PRELIMINARIES

Consider the impulsive differential equation

() + f(t,x(t), 2" (1) + g(t, x(t),2(t = 7)) =0,  t>to, t#t,
z(ty) = In(x(tp ™)), o' (te) = Ju(a'(ts 7)), k=1,2...,

satisfying the initial value condition
x(t) = o(t),  to—T7 <t <to, (5)

where ¢, ¢ : [to — T,t0] — R have at most a finite number of discontinuities of first kind and are
right continuous at these points. We assume that
(Hy) f: [to — 7,+0) x R x R — R is continuous, nonnegative and f(t,u,v) < z(t), for all
u,v € R, where z(t) is continuous in [ty — 7, 00);
(Hg) g: [to — 7,+00) Xx R x R — R is continuous, ug(t,u,v) > 0, for all uv > 0 and

g(t,u,v)>p(t) and g(t,u,v)

) 2 > < q(t),

for all v # 0, where p(t) and ¢(t) are continuous in [ty — 7,00), p(t) > 0, xp(x) > 0, for
all z # 0 and ¢'(z) > 0;

(Hs3) Iy, Ji : R — R are continuous, I1(0) = Ji(0) = 0, k € N and there exist positive numbers
ak, br, ¢ and dj such that

<bp op < @)
X i

IN

ag §dk, :I,‘?éo, k:1,2,...;
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(Ha)

t
. Ck
, 11+Il’l I | — ds = 4o00.
— 100
to o<t <s K

Now we define a solution of the impulsive problem (4),(5).

DEFINITION 2.1. A function x(t) : [to — 7,+00) — R is a solution of problem (4),(5) if

(i) «(t) and 2'(t) are continuous on [ty,+00) \ {tx; k € N}, there exist lateral limits x(t,, ),
o' (ty), x(t)), ' (tF) with x(t]) = x(ty) and ' (t]) = 2/ (tg), k € N;
(i) «(¢) fulfills (4),(5);

(iii) x(tx) and z'(t)) fulfill (4), for each k € N.

By PC([a, b], R™) we mean the Banach space of piecewise right continuous functions ¢ : [a, b] —
R™ with the usual supremum norm. If 2 € PC([tg — 7, 0], R™), where ty € R, o > ty, then for
each t € [tg, o] we define z; € PC([—7,0],R") by z+(s) = z(t + s) for —7 < s < 0. We denote by
C([a,b],R™) the subspace of PC([a, b],R™) of continuous functions with the induced norm.
REMARK 2.1. By using the transformation y(t) = ’(t), the nonimpulsive equation in (4) can be
transformed into the following system:

z'(t) = y(t),

y'(t) = —ft2(t),y(t) — gt z(t),z(t — 7)),  t=to ©
Consider the function F : [tg, +00) x R? — R given by
F(t,xg,x1,22) = f(t,x0,22) + g(t, 0, T1).
If v € PC([—7,0],R?), ¥ = (11, %2), we define
h(t,¥) = (¥2(0), —F'(t,41(0), ¥1(—7),2(0))).
Then system (6) with the impulsive conditions can be reduced to the system
1) —
2'(t) = h(t, z¢), t>tg, t#1, )

2(tk) = Hi(2(tx 7)),

where z(t) = (x(t),y(t)), 2t = (21, ye) and Hy(2(tx 7)) = (L (x(te ™), Ju(2' (tx7)).

In this way, under Hypotheses (H;) to (Hj3), in particular the dominance of f and g, imply the
global existence of solutions of (7) by [13, Theorem 3.1]. Therefore, we can guarantee that there
is a solution of (4) in [tg, +00).

Now we define an oscillatory solution of the impulsive problem (4),(5).

DEFINITION 2.2. A solution of (4),(5) is said to be nonoscillatory if it is eventually positive or
eventually negative. Otherwise, it is called oscillatory.

Now we present a lemma which is a version of Theorem 1.4.1 in [9] replacing the left continuity
by the right continuity of m(¢) and m/(t) at ¢, k € N.

LEMMA 2.1. Suppose

(i) the sequence {ty}ren satisfies 0 < tg < t1 < -+ <t < --- with limg_ o tp = 00,
(ii) m,m’' : Ry — R are continuous on Ry \ {tx;k € N}, there exist the lateral limits m(t;),
m'(t,), m(th), m'(t)) and m(t]) = m(ty), k=1,2,...,
(iii) for k=1,2,... and t > ty, we have

m'(t) < pt)ym(t) +q(t),  t#t, (8)
m(ty) < dpgm(ty ™) + by, 9)
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where p,q € C(Ry,R), di, and by, are real constants with dy, > 0. Then the following inequality

holds:
H<mito) ] dkexp(/( ) / 11 dkexp</ (u)du)q(s)ds

to<tp<t to s<ty <t

+ > I dexp(/ (S)ds)bk, t>to.

to<tr <t tr<t;<t

(10)

REMARK 2.2. If inequalities (8) and (9) are reversed, then inequality (10) is also reversed.

3. MAIN RESULT

In this section, we will show that every solution of (4),(5) is oscillatory under hypotheses (H;)
to (H4)
In the sequel, let z(t) be a solution of (4),(5).

LEMMA 3.1. Suppose (Hy) to (Hy) are fulfilled and there exists T > to such that x(t) > 0 for
t > T — 7. Then 2/(tx) > 0 and 2'(t) > 0 for t € [tk,tg41), where t, > T.

PROOF. Suppose z(t) > 0, for t > T — 7. Then x(t —7) > 0, ¢ > T. At first, we prove that
a'(ty) > 0, tp > T. If otherwise, there exists some t; > T such that 2/(¢;) < 0. From (Hs)
and (4), we obtain

a'(ty) = Ji(2'(t;)) < ¢ja’(t;) <O0.
Let 2'(tj;) = —a, @« > 0. By (Hy) and (Hy), given t € [t;,t;41), we have
2(t) < —g(t, x(t), 2(t — 7)) < —p(H)p(x(t — 7)) < 0.
Then 2'(t) is nondecreasing in ¢ € [t;,t;41). Moreover,

a'(t;,,) < a'(t;) = —a <0,
2/ (tio) < @' (tjp1) = T (@' (t,) < ¢ (t,) < ¢jpa(—a) <0,
2’ (t;13) < @' (tjre) = Jja(@'(t) ) < iyt (t 1) < ¢jy2citr(—a) <0,

and by induction one can prove that

ﬁ_n < H ¢jria < 0. (11)

Hence, 2/(t) is decreasing in [t;, +00).
We now consider the impulsive differential inequalities

2 (t) <0, t>t;, t#t,, k=j+1,7+2,...,
2 (ty) < exa!(ty,), k=j+1,7+2,....

IN

By Lemma 2.1 with m(¢) = 2/(¢), we have

that is,

ti<tp<t
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Now considering (12) and knowing that x(t;) = In(z(t;)) < bpa(t, ), k=j+1,7+2,..., by
Lemma 2.1, we conclude that

) < H b |z(t —i—x(j)/t H % as| . (13)

by <tp<t it <tp<s P

By (H4) and taking j sufficiently large, we find z(¢) < 0. But this is a contradiction, since
x(t) > 0, for t > T — 7. Therefore, 2’(t,) >0, t, > T.

It follows from (Hg) that «’(tx) > cxa’(t, ) > 0 for any t;, > T. Because z'(t) is decreasing in
[thytk+1), then o' (t) > 2/ (tg) > 0, t € [tk, te+1), tr > T and the proof is complete. |

REMARK 3.1. When z(t) is eventually negative, under hypotheses (H;) to (Hy), one can prove
in a similar way that 2'(¢;) < 0 and 2/(¢) < 0 for ¢t € [tg, tx+1), where t > T.

THEOREM 3.1. Suppose (Hy) to (Hy) are fulfilled and there exists a positive integer ko such that
ap > 1, for all k > kqg. If

""OO tet+1
/ ( ) du = +o0, (14)
i to<tk<u

then all solutions of (4),(5) oscillate.

ProOF. We suppose, without loss of generality, that kg = 1. Let z(¢) be a nonoscillatory solution
of (4),(5). We can assume that z(t) > 0, t > t9. By Lemma 3.1, 2/(¢t) > 0 and 2/(t;) > 0,
te [tk,thrl), where t;, > tg.

By (Hs) and the fact that ay > 1, k =1,2,..., we obtain

2(to) < a(ty) < a(ty) < (ty) <

It follows that z(t) is nondecreasing in [tg, +00).

Now let ®
x'(t
m(t) = @) (15)
Then m(tx) > 0 and m(t) > 0, t > to. By (H;) and equation (4), we have
(1) = —ft,2(t),2' (1) — g(t, 2(t), 2(t = 7)) _ &' (O)¢'(x(t — 7))2'(t — 7)
p(x(t —7)) @*(z(t — 7))
< —p(t), t>to, tHty, tp+r
It follows from (Hj), equation (4), a > 1 and ¢'(x) > 0 that
I (R 1 R
W= Soth-m) = Pty -y ) 1o
and
- i :x’(tk—l—T) ' (t, +7) x'(t,;—FT)):m -
AT = 00 = plaat) © platr) T o
Then using (16) and (17), by Lemma 2.1, we obtain
) < m( H dy, —/ H di, p(u) du, to <s<t. (18)

9<fk<f S u<tp<t
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Let s — to and t — ¢, . It follows from (16) and (18) that

i) < dun(ey) < dy o)~ | " () | = dim) — s | " ) du

to to

Similarly, knowing that ¢o — ¢t; > 7 and using (17) and the above inequality, we get

mits) < dam(ty) < da [t +7) - | + bl ]
<dg |m(ty +7)— /tltiT p(u) du}
< da [mt) - | bl

t1 t2
S delm(to) — d2d1 / p(u) du — dg/ p(u) du.

to t1
By induction, we obtain

ta

ty
m(ty,) Sd1d2~~~dnm(to)fd1d2~~~dn/ p(u)d’ll,*dg"'dn/ p(u) du

to t1

tn—1 tn
— o —dp_1dy / p(u) du — d, / p(u) du

tn—o th—1
n=l ety 1
= H di, [m(to) — Z/ H d—p(u) du| .
to<tp<tn41 k=0 12 to<tp<u k

Then in view of (14) and m(¢,) > 0, we find a contradiction as n — +oo, and the proof is
finished. |

With the next corollaries, we intend to show that inequality (14) is fulfilled. We use Theorem 3.1
to conclude the results.

COROLLARY 3.1. Suppose (Hy) to (Hy) are fulfilled and there exists a positive integer ko such
that ar > 1 and di, < 1, for all k > kq. If

+o0
[ ptwydu=+oc,
to

then all solutions of (4),(5) oscillate.

PROOF. Suppose, without loss of generality, that kg = 1. Since 1/dy > 1, we have

T atggq 1 ] n tht1 1
kz_o/ H d—kp(u) du = nllgloo (kz_o/ H d—kp(u) du)

123 to<tp<u tk to<tp<u

t1 to 1 ts 1
= lim / u) du + —np(u) du + u)du+ ---
Jim [ pwau [ ptwau [

tn 1 tna1 1
/tl vy dy "  ddya,PW

n n

2 lim (/tlp(u)du‘i‘/hp(u)du-&-/t3p(u)du+---

n—=+00 \Jy, t ts

tn tnt1
+/ p(u) du+/ p(u) du
tn—1 tn

tnt1
= lim (/ p(u)du) = +o0.
n—-—+oo to



Oscillation by Impulses 7

Then condition (14) is satisfied. Hence, by Theorem 3.1, all solutions of the impulsive system
(4),(5) oscillate. |

COROLLARY 3.2. Suppose (Hy) to (Hy) are fulfilled and there exist a positive integer ko and a
constant o > 0 such that ar, > 1 and 1/dy, > tyyq, forall k > ko. If

+oo
/ tp(t) dt =
ty

then all solutions of (4),(5) oscillate.

PROOF. Suppose, without loss of generality, that ko = 1 and t; > 1. Since 1/d}, > 3, |, for all
k > kg, we obtain
1§t1<"'<tk<tk+1<"'

and
1
_>t0¢7
dp =2
11
__>to¢toz>toz
dl d2 - 2 "3 3 ’
11 1
— = >t >
dl d2 dn - L2 n+1 = “n+1»
Thus,

+oo tht1 n te41
/ p(u) du= lim (Z/ H )
ty n—+0oo t

t0<tk <u k=0""k t0<tk<u

t1 to 1 ts 1
= lim udu—|—/ du—l—/ w)du+ -+
Mm(/ﬁg sy [y aus [ )

tn 1 tnt1 1
/t vy dy P . dds "

n—

t1 to t3
> lim (/ p(u) du+/ t5'p(u) dqu/ tep(u) du+ - -

n—-+oo to t ts

tn tnt1
+ / top(u) du + / to 1p(u) du)
tn—1 t

n n

tz t3
> lirf (/ u®p(u) du + / u®p(u)du+ -
n—-+oo t to

tn tnt1
+ / u®p(u) du—|—/ u“p(u) du)
tn—1 t

n n

tn41 +oo
= hIJIrl (/ u®p(u) du) :/ u®p(u) du = +o0.
n—-+oo t t

Hence, condition (14) is satisfied and Theorem 3.1 implies all solutions of (4),(5) oscillate. |

THEOREM 3.2. Suppose (Hy) to (Hy) are fulfilled and ¢(ab) > ¢(a)p(b), for any ab # 0. If

/tk“ 11 “0 w) du = 400, (19)

tk to<tp<u

then all solutions of (4),(5) oscillate.
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PROOF. Let z(t) be a nonoscillatory solution of (4),(5). We can assume that z(t) > 0, t > to.
By Lemma 3.1, 2/(¢t) > 0 and 2/(tx) > 0, ¢t € [tg, tk+1), where t, > to. Now let m(t) be defined
by (15). Then m(tx) > 0 and m(t) > 0, t > to. By (Hy) and equation (4), we have

m'(t) < —p(t), t>to, tF#ty, tp+T
It follows from (Hs), equation (4), ¢(ab) > ¢(a)e(b) and ¢'(x) > 0 that

d(ty) o de'(t)

) = Sl - el ) ) (20)
and
oy Ptk tT) 't +7)
mlt+7) = 05 S v o
ot +7) 1 T
= Slaneley)) ~ plan) " T
Then using (20) and (21), by Lemma 2.1, we obtain
y<m(s) [] dk—/ Il dpwdu, to<s<t (22)

9<tk<t S u<tp<t

Let s — tg and ¢ — t7 . It follows from (21) and (22) that

mits) < dum(ey) < s [mito) ~ [ pl)du| = dumtn) — s [ play

to
Similarly, knowing that to — t; > 7 and using (21) and the above inequality, we get

- to

mts) < dom(ty) < do |m(ty +7) — /
ti+71

<y [t +n) - [ )

1+7

< dy |——mit)) - /jp(u) du}
< i gy B2d / " () du — d / * () du.

p(a1) to t

p(w) du}

Then by induction, we obtain

m(ty) < ——Dd2r dn [m(tw— /t1p<u>du—“”§j” /tzpw)du

plar)p(az) - p(an—1)

plar)p(as) - plan_s) [ olar)p(az) - plan_1) [*
T T iy dns /p(“)d“* dids - dpy /t

p(u) du]

tn—2

_ didy - - - d,, [m(to) B Z/ k1 @E;Zk)p(u) du] .

plar)p(az) - p(an-1) k=0 to<tp<u

n—1

But in view of (19) and m(t,) > 0, we find a contradiction as n — +oo, and the proof is
finished. |
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COROLLARY 3.3. Suppose (Hy) to (Hy) are fulfilled and there exist a positive integer ko and a
constant v > 0 such that ¢(ag)/dy >t ,, for all k > ko. If

+oo
/ 1op(t) dt =
ty1
then all solutions of (4),(5) oscillate.

The proof of Corollary 3.3 is omitted, since it can be deduced from Theorem 3.2 and it is
similar to that of Corollary 3.2.

4. AN EXAMPLE

Consider the impulsive delay differential equation

2" (t) + x(t — 7) + arctan |2/ (t)| = 0, t>0, t#tg,
k+1 _ _
) = (5 ) alt) S =) k=12 (23)
z(t) = ¢(t), -7 <t <0,
where tp11 —tx > 7, k=1,2,... and ¢,¢’' : [-7,0] — R are continuous.

Since p(v) = v, p(t) =1, ap =bp = (k+1)/k and ¢, =d, =1, k =1,2,..., hypotheses (H;)
to (Hs) are satisfied. Notice that

t +oo

to t0<fk<9 o o<ty <e

/“ 11 —ds+/” e

to to<tp<s t1 t0<tk<9
k
+/ I —ds+-
t2 t0<tk<sk+1
1 1
:(t1—t0)+§(t2—t1)+§(t3—t2)+'--
L S
272737} -

Thus, (Hy) is also satisfied.
Let kg = 1. Then a;, > 1 and d;, = 1 for all ¥ > 1. And since

“+o0 + oo
/ p(u) du = / du = +00,
to 0

it follows from Corollary 3.1 that all solutions z(t) of (23) oscillate.
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