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Prove the following results

Theorem 1 Let (M, d) be a complete metric space and let T : Ml — M be a contraction
mapping with contraction constant k. Then T has a unique fixed point x € M. Furthermore,
if y € M is arbitrarily chosen, then the iterates {x,}5°, given by

ro = Y (1)
xn = T(rp-1), n>1, (2)

have the property that lim, . z, = T.

Theorem 2 Let (M, d) be a complete metric space and let
B={reM:d(z,z) < €},
where z € M and € > 0 is a positive number and let T : B — M be a mapping such that
d(T'(y), T(x)) < kd(z,y), V x,y € B,
with contraction constant k < 1. Furthermore assume that
d(z,T(2)) < e(1 —k).

Then T has a unique fized point x € B.



Theorem 3 Let (M, d) be a metric space and let T : Ml — M be a mapping such that
d(T(x), T(y)) < d(z,y), Vr,yeM, x#y.
Furthermore assume that there exists z € M such that the iterates {x,}5°, given by
Ty =% (3)
Tn =T(xp-1), n>1, (4)
have the property that there exists a subsequence {y,; };-";0 of {zn}22,, with
Jliglo Tn; =y € M.

Then y is a fized point of T and this fized point is unique.

Theorem 4 Let (M, d) be a metric space and let T : Ml — M be a mapping such that
d(T(2), T(y)) < d(z,y), Yo,y eM, z#y.

Further assume that
T:M— K,

where K is a compact subset of Ml. Then T has a unique fixed point in M.

Theorem 5 Let (M,d) be a complete metric space and let T : Ml — M be a mapping such
that
d(T"(x), T"(y)) < kd(z,y), Va,y €M,

for some m > 1, where 0 < k < 1 is a constant. Then T has a unique fized point in M.

Theorem 6 Let (A, p) be a metric space and (M,d) a complete metric space and let
T:AxM—-M
be a family of contraction mappings with uniform contraction constant k, i.e.,
d(T(\z), T(\y)) < kd(z,y), VA € A, Vo,y € M.
Further more assume that for each x € M the mapping
A= T (N x)

is a continuous mapping from A to M. Then for each X € A, T(A,-) has a unique fized
point x(\) € M, and the mapping
A= z(A),

18 a continuous mapping from A to M.



Theorem 7 Let M be a Hilbert space and let
T:M— M,
be a mapping such that for some constant 0 < f < 1
[T(u) =T()|| < Bllu—vl, Vu,veM.
Then for any w € M, the equation
u+T(u) =w

has a unique solution u = u(w), and the mapping w — u(w) is continuous.

Theorem 8 Let M be a Hilbert space and let

T:M— M,
be a monotone mapping

Re ((T'(u) — T(v),u —v)) >0, Vu,veM,
such that for some constant 8 > 0
IT(u) —T)| < Bllu—o|, Vu,veM.

Then for any w € M, the equation

u+T(u) =w
has a unique solution u = u(w), and the mapping w — u(w) is continuous.
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